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1 Introduction

It seems that the stability problem of functional equations had
been first raised by Ulam [12]. An answer to this problem has
been given at first by Hyers [5] and then by Th. M. Rassias as
follows [10]. Suppose E; and E, are two real Banach spaces and
f:+E; = E, isamapping. If there exist § > 0 and 0 < p < 1 such
that |If Cx +) = f(x) = fFOII < 8(IxIIP +]yI[P) for all
x,y € Eq, then there is a unique additive mapping T:E; — E,
such that [|f(x) — T(x)|| < 26][x||P/|2 — 2P| for every x € E;.
In 1991, Gajda [2] gave a solution to this question for p > 1. For
the case p = 1, Th. M. Rassias and Semrl [11] showed that there
exists a continuous real-valued function f: R — R such that f can
not be approximated with an additive map. In 1992, Gavruta [3]
generalized the result of Rassias for the admissible control
functions. Moreover the approximately mappings have been
studied extensively in several papers. (See for instance [6], [7]).
Fuzzy notion introduced firstly by Zadeh [13] that has been
widely involved in different subjects of mathematics. Zadeh’s
definition of a fuzzy set characterized by a function from a
nonempty set X to [0,1]. Later, in 1984 Katsaras [8] defined a
fuzzy norm on a linear space to construct a fuzzy vector
topological structure on the space. Defining the class of
approximately solutions of a given functional equation one can
ask whether every mapping from this class can be somehow
approximated by an exact solution of the considered equation in
the fuzzy Banach algebra.

To answer this question, we use here the definition of fuzzy
normed spaces given in [8] to exhibit some reasonable notions of
fuzzy approximately ring homomorphism in fuzzy normed
algebras and we will prove that under some suitable conditions an
approximately ring homomorphism f from an algebra X into a
fuzzy Banach algebra Y can be approximated in a fuzzy sense by
a ring homomorphism T from X to Y. Let A be a real or complex
Banach algebra. A mapping D:A — A is said to be a ring
derivative if

D(a+ b) = D(a) + D(b),
D(ab) = D(a)b + D(b)a,

forevery a,b € 4;
forevery a,b € A.

It is of interest to consider an approximately ring derivation
on a Banach algebra. First of all, does there exist an
approximately ring derivation f which is not an exact ring
derivation? If such a mapping f do exist, then it seems natural to
consider the following stability problem: does there exist ring
derivation near to f? The purpose of this paper is to prove the
stability of fuzzy approximately ring derivations. In fact, under a
mild assumption that A is without order, we show the Bourgin-
type [1] super stability result.

2 Preliminaries
In this section, we provide a collection of definitions and
related results which are essential and used in the next
discussions. Definition 2.1 Let X be a real linear space. A
function N: X x R — [0,1] is said to be a fuzzy norm on X if for
allx,ye Xandall ¢t,s € R,
(N1) N(x,c) =0forc <0;
(N2) x = 0 ifand onlytifN(x, c)=1forall c > 0;
(N3) N(cx,t) = N(x,—) ifc # 0;
(N4) N(x + y,5 + ) Emin{N(x, s), N(v, D)};
(N5) N(x,.) is a non-decreasing function on R and
lim_oN(x,t)=1;
(N6) for x # 0, N(x,.) is (upper semi) continuous on R.
The pair (X, N) is called a fuzzy normed linear space.

Example 2.2 Let (X, ||.||) be a normed linear space. Then
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is a fuzzy norm on X. Definition 2.3 Let (X, N) be a fuzzy
normed linear space and {x,,} be a sequence in X. Then {x,} is
said to be convergent if there exists x € X such that
limy N (x, —x,t) =1 for all t > 0. In that case, x is called
the limit of the sequence {x,} and we denote it by N —
limy, X, = x. Definition 2.4 A sequence {x,} in X is called
Cauchy if for each € > 0 and each t > 0 there exists n, such that
for all n = ny and all p > 0, we have N(xp4p — X5, t) > 1 —&.
It is known that every convergent sequence in a fuzzy normed
space is Cauchy and if each Cauchy sequence is convergent, then
the fuzzy norm is said to be complete and furthermore the fuzzy
normed space is called a fuzzy Banach space. Let X be an algebra
and (X, N) be complete fuzzy normed space. The pair (X, N) is
said to be a fuzzy Banach algebra if for every x,y € X and s,t €
R we have N(xy,st) =min{N(x,s),N(y,t)}. Example 2.5
Let(X, ||.|]) be a Banach algebra. Define,

’

N(x,t) =

£ > |Ixl|.

_ (0, a< ||x||;
TR it
Then (X, N) is a fuzzy Banach algebra. Theorem 2.6 Let X

be a linear space and (Y, N) be a fuzzy Banach space. Let ¢: X X
X - [0, 00) be a control function such that

Pxy) = Z%o:() 27@(2"x, 2My) < o,

for all x,y € X. Let f:X - Y be a uniformly approximately
additive function with respect to ¢ in the sense that

lime oo N(f(x +¥) = f(X) = f), tp(x,¥)) = 1
uniformlyon X x X. ThenT(x) = N — limy ﬂz:x) forallx €

X exists and defines an additive mapping T: X — Y such that if
forsome§ > 0, >0

N(f(x+y) = f) = f(),de(x,y)) > a,

forall x,y € X; then

N(T(x) = f(x),8/2p(x, %)) > a,

for every x € X. Proof. [9]. Corollary 2.7 Let X be a normed

linear space and (Y, N) a fuzzy Banach space. Let8 > 0and 0 <
q < 1. Suppose that f: X — Y is a function such that

lime oo N(f(x +y) = f() = £, t0(|Ix]|? + [|y[|)) = 1

uniformly on X x X. Then there is a unique additive mapping
T:X — Y such that

limg N (T () — f (), 224000 _ 4

1-24-1

uniformly on X. Proof. [9].

Remark 2.8 Using the sequence {2"f(27"x)}, one can get
dual version of Theorem 2.6 and Corollary 2.7 when the control
function satisfies

583

Yo 2"@(27"x, 27My) < oo,

In particular, the similar results hold for ¢ (x,y) = ||x||? +
|ly1|4, where g > 1. Stability and super stability of fuzzy
approximately ring homomorphisms and fuzzy approximately
ring derivations (N. Eghbali Tue Dec 24 00:16:25 2019).

3 Stability of fuzzy approximately
homomorphism
We start our work with definition of fuzzy approximately ring
homomorphism. Definition 3.1 Let X be a linear algebra, (Y, N)
a fuzzy Banach algebra and 6 > 0. We say that f: X - Y is a
fuzzy approximately ring homomorphism map if

lime oo N(f (xy) = fFOf ), t0]1x]|]1y1]T) = 1,

uniformly on X x X. Theorem 3.2 Let X be a normed linear
algebra and (Y, N) a fuzzy Banach algebra. Let 8 > 0 and g >
0,q # 1. Suppose that f: X — Y is a function such that

limeseo N(f(x +¥) = f(x) = FO), t0([[x[|7 + [Iy]17)) = 1,
uniformly on X X X and
limesao N(f (xy) = FCOf ), tO]1x][7]I¥]1T) = 1,

uniformly on X X X. Then there is a unique ring homomorphism
T:X - Y such that

ring

(3.1)

20t]|x]|9
J1-20-1|

limeeo N (T (%) = f (%), ) =1

uniformly on X. Proof. Theorem 2.6 and Corollary 2.7 show that
there exists a unique additive mapping T such that

limg e N(T () — f (), 22000 _ 4,

[1-24-1|

(3.2)

where x € X. Now yve only need to show that T is a multiplicative
function. Put s = —= and fix x,y € X arbitrarily. By (3.2) we

have I1=al

20tn~%||nSx||?

lim o N(n™T(n°x) — n=5f (n°x), TRETEY

) =1.

Using the additivity of T we have:

, _ 20tns@-1)||x||9
lim Lo N(T(x) —n sf(nsx),w) =1.

20tns@-1)||x||9
[1-20-1|

Since s(q — 1) < 0 we obtain lim,,_,, =0.S0

. 20tns@-1 q
there is some n, > 0 such that I';_T_ll'lx” <tforalnz>=n,

t>0. limy L N(T(x) —n~°f(n°x),t) =

s(q-1)
limyooN(T (%) — n° f(n%),%). So

and Hence

N —lim,_,n~Sf(nx) = T(x) (3.3)
Using (3.1) we get

lime o N(f(0°X)y) = fF(°X)f (¥), 6] x| ] [y]]T) = 1,
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forall x,y € X. Thus

lime,oN(n™*f (n°X)y) —
n=f (0 f (), ton* @V |x||9]|y]|) = 1,

forall x,y € X. Since lim,,_,t8n°@~D||x||9||y||? = 0, there is
some n, > 0 such that

tgn* @V |x|]|y]|? < t,
for all n = n,. We get

lime,o N(n*f(n°x)y) —n=*f(n°x)f (¥), ) =
limineoN(m™Sf((n°x)y) —

n=*f () f (1), ton* 4D x| [y]]9).
So

N = limpon=Sf((nSx)y) = N —
lim,_on™Sf(n°x)f (y)

By putting ny = min{n, n,} and applying (3.3) and (3.4) we
have

3.4)

T(xy) =N = lim,_,n*f(n°(xy)) = N —
limyeon™ f(n*X)f (¥) = TGO (),

forall x, y € X. From this equation by the additivity of T we have:
T fM°y) =Tx(ny)) = T(n*x)f (y) = n°T () f (),

for all x,y € X. Therefore T(x)n™Sf(ny) =T(x)f(y). By
letting n tend to infinity we see that T(x)T(y) = T(x)f(y) for
all x,y € X. To prove the uniqueness property of T, assume that
T* is another ring homomorphism satisfying

26t]|x||?

limy o N(T*(x) — f(x)'m) =1

We have

N(T(x) = T*(x),t) = min{N(T (x) —n~5f(n°x),t/
2),N(T*(x) —n™f(n®x),t/2)}

Given, € > 0 by (3.3) we can find some t, > 0 such that

N(T(x) —n~5f(n®x),t/2) = 1 —¢,

and

N(T*(x) —n~Sf(n®x),t/2) =1 —¢,

forall t/2 > ty, x € Xandn € N. So

N(T(x)—T*(x),t) =1 —¢,

for all t > 0. Hence by items (N5) and (N2) of definition 2.1 we

have T'(x) = T*(x) for all x € X. In the following example we

will show that Theorem 3.2 does not necessarily hold for g = 1.
Example 3.3 Let X be a Banach algebra, x, € X and a, 8 are

real numbers such that || = 1 — [|x||||y¥]| and || < ||x]|| for

every x € X. Put:

f(x) = ax + Bxollx]|, (x € X).

584

Moreover for each fuzzy norm N on X, we have

N(f(x+y) = f0) = fF), t(|lx|[ + [ly]D)
= N@Bxo(l1x + Y[l =[xl = HylD, t(A1xIl + y11D)

Q)
= N(Bxo— WDy > yigyo 6)(x,y € X, t € R).
B0 Ty ii-ti-ipn) = VBXo D0y €X L ER)

Therefore by the item (N5) of the Definition 2.1, we get
lime,oN(f (x +y) = f(x) = FO), t(lIx]| + IyI)) = 1,

uniformly on X x X. Also,
N(FGey) = OO, tlIxIVID = N(axy + Bxollxyl] —
(ax + Bxol IxID (ay + Bxol Iyl tllxII11yII) = N(axy +
Bollxyll — a?xy — apxo|lyl| — afxoyllx|| -
B2 11xIyll, llxl1y11) = min{N((1 -
ayaccy, PR, N (| ey || B, TR, N (B2 ] 1y 1], L,

¢ t
N (o yl1, 22, N (apxyl )], 20y

where x € X and t € R. Taking into account the following
inequalities

v(a-

N (e.)

5 5|1-a|

axy, t||x||||y||> = N (e t||x||||y||) >

(3.5)

N(l1xyl1Bxo, T = N(Bxo, il = N (Bxo,£/5), (3.6)

N (B2l y11L, AR = N g2z, t/5), 37

t t
N(@pxxo|yll, T = N(axxo, 1]

5181

) = N(axxy,t/5),(3.8)

t t
N(apxoyllxll, T = N (axgy, 22y > N(axey, t/5),(3.9)

5|81

it can be easily seen that lim;,oN(f(xy)—
fCOf ), tllxllyl]) = 1 uniformly on X x X and therefore the
conditions of Theorem 3.2 are fulfilled. Now we suppose that
there exists a unique ring homomorphism T satisfying the

conditions of Theorem 3.2. By the equation

limeeoN (F G +3) = £G) = £, t([lxl] + [Iy1])) = 1(3.10)
for given € > 0, we can find some t, > 0 such that

Nf(x+y) =) = fO) tIxll +lyID) 21—,

for all x,y € X and all t > t,. By using the simple induction on
n, we shall show that
N(f(2™x) =2 f (x), tn2"||x|) = 1 —&. (3.11)

putting y = x in (3.10), we get (3.11) for n = 1. Let (3.11) holds
for some positive integer n. Then
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N(f2™*1x) = 2" f (), t(n + 12" |x|]) =
min{N(f (2" 1x) — 2f (2™x), t(]|2"x|| +
[12"x]1)), N(2f (2"x) — 2™ f (x),2tn (]2 x|| +
12" %) 21—«

This completes the induction argument. We observe that
lim,oN(T(x) — f(x),nt||x]]) =1 —¢.
Hence

limn_,ooN(T(x) - f(x),nt||x||) =1 (3.12)

One may regard N(x,t) as the truth value of the statement
’the norm of x is less than or equal to the real number ¢’. So (3.12)

is a contradiction with the non-fuzzy sense. This means that there
isnosuchaT.

S'[abl|l'[?/ and super stability of fuzzy
apprOX|mate y ring derivation

We start our work with definition of fuzzy approximately ring
derivation. Definition 4.1 Let (X, N) be a fuzzy Banach algebra
and 6 > 0. We say that f: X — X is a fuzzy approximately ring
derivation if

lime o N(f (xy) — xf (v) = f()y, t6]1x]|9]|y]|?) = 1,
uniformly on X x X. Definition 4.2 Let (X, N) be a fuzzy Banach
algebra and 6 >0. We say that f:X->X is a fuzzy
approximately Jordan derivation if

lime, N (f (x?) — 2xf (x), t0]]x|>?) = 1,

uniformly on X x X. Theorem 4.3 Let (X, N) be a fuzzy Banach

algebra, 0 > 0andq = 0,q # 1. Suppose that f: X —» X isa
function such that

lime oo N(f(x +¥) = f() = fO), t0(||x]|T + 1Iyl19) = 1,
uniformly on X x X and
limeseo N(f (xy) = xf(¥) = f(X)y, t0]1x[]7]|¥I|T) = 1,

uniformly on X x X. Then there is a unique ring derivation
D:X — X such that

(4.1)

26t||x||?
[1-297%

limt—woN(D(x) - f( ) ) =1,

uniformly on X. Proof. Theorem 2.6 and Corollary 2.7 show that
there exists a unique additive mapping D such that

lime oo N(D(x) — f (x), 2241

D = (42)

where x € X. Now we only need to show that D is a map such
that D(xy) = xD(y) — D(x)y forall x,y € X. Put s = m and
fix x,y € X arbitrarily. By (4.2) we have

20t||nSx||9
[1-24-1]

limeoN(D(n°x) = f(n°x), ) =1

forall x € X. Thus

585

20tns@-1)||x||2

limi,uuN(n™5D(nx) — n=5f(n°x), RPr=T ) =1,
for all x € X. By the additivity of D,
s(a-1)
limyowN(D (x) — 0= f (nSx), 222l _ g
[1-20-1|
for all x € X.Since s(q—1) <0 we obtain
s(q—1)
limnﬁww = 0. So there is some n; > 0 such that
s(q-1)
wtﬁ_qz—q_'lllan <t for all n=n; and t>0. Hence
limi o N(T(x) =n~5f(n°x),t) = lim;,oN(T(x) —
_s s~ 20tnS@D||x||2
nSf(n x)’—|1—2q-1| ). So
N — lim,_on~5f(n°x) = D(x). 4.3)

By (4.1) we have

lime,oN(n™*f(n°X)y) — xf(¥) =
n=f(*x)y, ton=?|[n°x||9]|y||) = 1,

for al x,yeX. Since s(@g—1)<0 we obtain
lim,_, oo tONS@™ D11x]19]|¥]|9 = 0. So there is some n, > 0 such
that tOns@- D|x]|2||y||9 < t, forall n = n, and t > 0. Hence:

lime o N(n™*f((n°x)y) — xf(y) = n*f(n*x)y, 1) =
lime o N(n™*f(n°X)y) — xf () =
n=Ef(nx)y, t0n* @D x| 9]y [|D).

So
N —=lim,_ o (xf(y) +

N — limn—)oon_sf((nsx)y) =
n=f(n°x)y)

By putting ny = min{ny, n,} and applying (4.3) and (4.4 we get

D(xy) = N — limp_,on™*f(n*(xy)) = N —
limyon™ f((n°x)y)

xf(y) + N —lim,_on~*f(n°x)y = xf(y) + D(x)y, for  all
x,y € X. Then by (4.5) and the additivity of D, we have
xf(n°y) + n°D(x)y = xf (n°y) + D(x)n’y = D(x(n°y)) =
D((n°x)y) = n*xf(y) + D(n*x)y = n°xf (y) + n*D(x)y.
Therefore xf(y) = xn=f(n°y) for all x,y € X. By letting n
tend to infinity we see that xf(y) = xD(y) for all x,y € X.
Combining this formula with equation (4.5) we get D(xy) =
xD(y) + D(x)y for all x,y € X. The proof of uniqueness
property of D is similar to the proof of Theorem 3.2.
Corollary 4.4 Theorem 4.3 satisfies for fuzzy approximately
Jordan derivation.

(4.5)

Proof. As same as the proof of Theorem 4.3 we have
D(x) = N — lim,_,n"5f(n°x). (4.6)

A quite similar argument to the proof of Theorem 4.3 shows that
D(x?) = N — lim,,_,,,n~2°f (n?*x). By Definition (4.2) we
have

lim;,o N2 f(n?$x?) — 2n~Sxf (nx), tOn~25||nx||?9) =

forall x € X.

Since 2s(q — 1) < 0 we obtain lim,,_,,tdn?@D||x||29 = 0.
So there is some ny, > 0 such that
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tn?s@D||x||% < ¢, foralln = n, and t > 0. Hence
forall n = ny and t > 0. Hence
limy o, N(n™2f(n%5x?) — 2n=Sxf(n°x),t) = N(@f(m™*xa) —rn~*xf(a) — rf(n " x)a, t/4) =

lim; o N(n=2f (n*x?) — (4.12)

2nSxf (n°x), tdn?s@~1||x||29), N(rf(n"‘xa) —rn~1xf(a) —
forall x € X. So rf(n~1x)a, torn=q||x||9]|al|9).

N = limy,eon 25f(n**x) = N — lim,2n°xf (n°x). By using (4.9) and (4.8) for given & > 0 we can find some t;,t, >

4.7) 0 such that

Now by using (4.6) and (4.7) we get
N (D((n‘lx)(ra)) - rf(n‘lxa),w) >1-—¢(4.13)

D(x?) = N — limy_,on 2 f(n?>*x?) = N — [1-20-1]
lim,,2n"Sxf (nx) = 2xD(x),

for every x € X. and

N@f(n lxa) —rn~xf(a) —

-1 -q q Ny >1—
Theorem 4.5 Let (X, N) be a fuzzy Banach algebra, 6 = 0 and rf (e, torn A flall®) = 1 =,

q = 0,q # 1. Suppose that f: X — X is a function such that for all t > t,. So by combining (4.10), (4.11), (4.12) and (4.13
lime NG/ G+ ) = 100 = FO), 0001 + [119) = 1. weget T o) 9 (410), (44D, (412 and (4439
uniformly on X x X and

lime-ooN (f (x) — 2f () = f (), 6] %1101y 1]7) = 1, N2 (ra)) — r='xf (@) — f (i x)ra, £/2) = 1 —

(4.8) e (4.14)

uniformly on X X X.
Then we have
x{f(ra) —=rf(a)} =0,

forevery a,x € X andr € Q — {0}.

By applying (4.8) we have

lim, N Yxf(ra) + f(n"x)ra —
f((n ') (ra)), ton~9rd||x||||a||?) = 1.
Since lim,_tOn~9r||x||?||a||? = 0, there exists ny >0

Proof. Pick @, x € X andr € Q — {0} arbitrarily. By Theorem 4.3 wrfyg:]qt“itl [9]]al|? < t/2

there exists a unique ring derivation D such that: forevery n = ng and t > 0. So
lime N (D () = £ (), ) = (49)

' ! N~ lxf(ra) + f(n~x)ra — f(n~1x)(ra)), t/2) >
(4.15)

where x € X. Recall that D is additive, and so it is easy to see N xf(ra) + f(n"*x)ra —

that D(rb) = rD(b) for every b € X. Fix n € N arbitrarily f((ntx)(ra)), tOn~9r|x||9]|a||9),

and we get

forall t > t,.
N(D((n‘lx)(ra)) —rn"lxf(a) — f(n"1x)ra,t/2) = Given £ > 0, we can find some t, > 0 such that
4.10
mzn{N(D((n‘lx) (ra)) —rf(n"1xa),t/4),N(rf(n"1xa) — N xf(ra) + f(n"x)ra —
rn~txf(a) —rf(n'x)a, t/4)}. f((™'x)(ra)), ton~9r9||x||?]|a]|?) = 1 — ¢,
(4.16)

By (4.9) we have . forall t > t,. So
lim o N(D((n™ %) (ra)) = rf (n~xa), 2ty — NG )+ f (e (@GN 2 1~
Since limy_e 723?'2':?1':" =0, there is some n; > 0 such that Also we have:

2ton~1 a

tlln_z—y_"fl” <t/4foralln =>ny andt > 0. Hence N(f((&_llg)(m)) —rnlxf(a) — f(n"'x)ra,t/2) >

T minN(f(( ) ra) = D((n0)(ra)), ¢/
N(D((n"lx)(ra)) —rf(n”'xa), (/) = 4),N(D((n"'x)(ra)) —rn~'xf () — f(n™'x)ra, t/4)}.

N ((n"'x)(ra)) —rf(n™'xa),——, )
(4.11) =247

By (4.9) we have

Also by (4.8) we get
limy_ N f(n txa) —rn~1xf(a) — -
rf(n"0a,refl|n~ x| lal|7) = 1. Lo (f () () = D2 (ra)), 2ty
Since lim,,_,t0rn~1||x||9||a||? = 0, there is some n, > 0 such 1.
that

torn=9|x||9]]a||? < t/4
586
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2ton~rd||ax||?

Since lim,, o TRETEY

= 0, there is some ny > 0 such

2tOn~9r9||ax||9

that TEEY=Y

<t/4,foralln =nyandt > 0. Hence

N (') (@) — D(n'x)(ra)), t/4) =

N (@ i(ra)) — D((n~ ) (ray), 20 rlenlty

By (4.9) for given £ > 0, we can find some t, > 0 such that
n~4rd||ax||9
N (F(( 0 G) = D((r ) (ra)), 2 g

) (4.19)
forall t > t,. Now by combining (4.14), (4.19) and (4.18) we get

N (f((n‘lx)(ra)) —rn~lxf(a) — f(n"x)ra, %) >1-
. (4.20)

On the other hand, we have
N x(f(ra) —rf(a)),t) =

min{N(n"txf(ra) + f(n"*x)ra — f((n"1x)(ra)),t/
2),N(f(n™'x)(ra)) — rn~'xf (@) — f(n™*x)ra, t/2)}.

So by combining (4.21), (4.20) and (4.17) we have
N(m x(f(ra) —rf(a)),t) =1—¢. Hence N(x(f(ra)—
rf(a)),nt) =1 — . Now by using item (N2) of Definition 2.1
we get x(f(ra) —rf(a)) = 0. In the following Theorem we
consider the conditions for super stability of approximately ring
derivations. Theorem 4.6 Let (X, N) be a fuzzy Banach algebra
without order,# > 0andq = 0,q # 1. Suppose that f: X — X is
a function such that

limesoo N(f(x +¥) = £ = fFO), t0(||x[|T + 1Iyl19) = 1,

uniformly on X x X and

limeseo N(f (xy) = xf(¥) = f(X)y, t0]1x[]7]|¥I]T) = 1,
(4.22)

uniformly on X x X. Then f is a ring derivation. Proof. Let D be
a unique ringg 5ivation as in Theorem 4.3. Fix n € N arbitrarily,

(4.21)

and put s = —r It follows from Theorem 4.5 that f(n™%a) =
n=sf(a) is tfie%or every a € X. Since if f(n™%ag) # n~°f(ay)
for some a, € X, then it would follow from Theorem 4.5 that

x{f(nag) —n"*f(ap)} =0

for all x € X, which would be contradiction because X is
assumed to be without order. We get from

26t||x[|4
|1—20-1|

limt—moN(D (x) - f(X),

)=1,

that

20tnS||n"5x||?

. S ) — NS =S
llmt_mN(n D(n™*x) —n°f(n"5x), o201

)=1, (4.23)

587

20tnsA-D||x| |9

— = 0, there is some
[1-29-1]

for every x € X. Since lim,_,

20tnSA-D||x||9

ng > 0 such that RETET

< t for every n = ny. So

Nn’D(n™x) —n°f(n~5x),t) = N(n*D(n"°x) —

ne f(n=sx), 2y,

By using (4.23) for given € > 0, we can find some t, > 0
such that

20tnS||In"Sx||?

N(nsD(Tl_sx) - nSf(n—Sx)' |1_2q—1|

forall t > t,. Hence
N(D(x) = f(x), ) = 1,

forall t > 0. So by using item (N2) of Definition 2.1, we have
D(x) = f(x) for every x € X, which shows that f is a ring
derivation.

)=>1-—¢,
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